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A GAP FOR EIGENVALUES OF A CLAMPED PLATE PROBLEM
DAGUANG CHEN, QING-MING CHENG AND GUOXIN WEI
Abstract. This paper studies eigenvalues of the clamped plate problem on a
bounded domain in an n-dimensional Euclidean space. We give an estimate for
the gap between
√
Γk+1 − Γ1 and
√
Γk − Γ1, for any positive integer k. Accord-
ing to the asymptotic formula of Agmon and Pleijel, we know, the gap between√
Γk+1 − Γ1 and
√
Γk − Γ1 is bounded by a term with a lower order k 1n in the
sense of the asymptotic formula of Agmon and Peijel, where Γj denotes the j
th
eigenvalue of the clamped plate problem.
1. introduction
It is well-known that study on eigenvalues of the eigenvalue problem of elliptic
operators is a very important subject in geometry and analysis.
Let Ω be a bounded domain with piecewise smooth boundary in an n-dimensional
complete Riemannian manifold M . The following is called the Dirichlet eigenvalue
problem of Laplacian:
(1.1)
{
∆u = −λu in Ω,
u = 0 on ∂Ω,
where ∆ is the Laplacian on M . Many mathematicians study universal estimates of
eigenvalues of the Dirichlet eigenvalue problem of Laplacian. As main developments
for study on universal estimates of eigenvalues, Payne, Po´lya and Weinberger [24],
Hile and Protter [20], Yang [29] makes very important contributions for bounded
domains in Euclidean spaces (see Ashbaugh [2, 3, 4]). For domains in sphere, Cheng
and Yang [14] obtains optimal universal estimates on eigenvalues. For bounded do-
mains in complete Riemannian manifolds, universal estimates on eigenvalues have
been obtained by in Cheng and Yang [15], Chen and Cheng [5], Chen, Zheng and
Yang [6] and El Soufi, Harrell and Ilias [19], Cheng [8] and so on. By making use
of the universal estimates on eigenvalues and the recursive inequality of Cheng and
Yang [17], Cheng and Yang [18] obtain sharp lower bounds and upper bounds for
the kth eigenvalues of the Dirichlet eigenvalue problem of Laplacian in the sense of
order of k. For bounded domains in the Euclidean space, by making use of Fourier
transform, Li and Yau [23] gives an optimal lower bound for the average of the
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first k eigenvalues of the Dirichlet eigenvalue problem of Laplacian. Recently, in [4],
Ashbaugh gives a very nice survey for estimates on eigenvalues of the Dirichlet eigen-
value problem of Laplacian for bounded domains in Euclidean space. For bounded
domains in complete Riemannian manifolds, see the very nice book of Urakawa [28].
In this paper, we consider an eigenvalue problem of the biharmonic operator ∆2 on
a bounded domain with piecewise smooth boundary in an n-dimensional complete
Riemannian manifold M , which is also called the clamped plate problem:
(1.2)


∆2u = Γu in Ω
u =
∂u
∂ν
= 0 on ∂Ω,
where ∆2 denotes the biharmonic operator on M , and ν is the outward unit normal
of ∂Ω.
When Ω is a bounded domain inRn, Agmon and Pleijel give the following asymptotic
formula of eigenvalues of the clamped plate problem (1.2):
Γk ∼ 16pi
4(
ωnvol(Ω)
) 4
n
k
4
n , k →∞.
This implies that
1
k
k∑
j=1
Γj ∼ n
n+ 4
16pi4(
ωnvol(Ω)
) 4
n
k
4
n , k →∞,
where Γj denotes the j
th eigenvalue of the clamped plate problem 1.2, vol(Ω) and ωn
denote volumes of Ω and the unit ball in Rn, respectively. Furthermore, by making
use of the Fourier transform and a lemma due to Ho¨rmander, Levine and Protter
[22] proves that eigenvalues of the clamped plate problem 1.2 satisfy
1
k
k∑
j=1
Γj ≥ n
n+ 4
16pi4(
ωnvol(Ω)
) 4
n
k
4
n .
The above formula shows that the coefficient of k
4
n is the best possible constant.
and the order of k is optimal according to the asymptotic formula of Agmon and
Peijel. Cheng and Wei [12, 13] and Cheng, Qi and Wei [11] generalize the result of
Levine and Protter by adding the lower terms.
On the other hand, it is a very difficult problem to obtain a sharp estimate for the
upper bound of eigenvalues with optimal order of k of the clamped plate problem
(1.2). For estimates for upper bounds of eigenvalues and estimates of two consecutive
eigenvalues of the clamped plate problem, Payne, Po´lya and Weinberger [24] proves
(1.3) Γk+1 − Γk ≤ 8(n+ 2)
n2k
k∑
i=1
Γi.
Chen and Qian [7] and Hook [21], independently, extend the above inequality to
(1.4)
n2k2
8(n+ 2)
≤
k∑
i=1
Γ
1
2
i
Γk+1 − Γi
k∑
i=1
Γ
1
2
i .
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Cheng and Yang [15] and Wang and Xia [27] prove
(1.5)
k∑
i=1
(Γk+1 − Γi)2 ≤ 8(n+ 2)
n2
k∑
i=1
(Γk+1 − Γi)Γi
In the open problem section ( of the 6th International Chinese Congress of Mathe-
maticians, July 9-14, 2013, Taiwan National University), the second author proposes
the following problem:
Conjecture 1.1. Eigenvalues of the clamped plate problem (1.2) for a bounded
domain in Rn satisfies
(1.6)
k∑
i=1
(Γk+1 − Γi)2 ≤ 8
n
k∑
i=1
(Γk+1 − Γi)Γi.
In fact, if one may prove the conjecture 1.1, by making use of the recursive formula
of Cheng and Yang [17], one may obtain the sharp estimates on the upper bound of
the kth eigenvalue, in the sense of the order of k, of the clamped plate problem.
In this paper, we study the gap of two consecutive eigenvalues of the clamped plate
problem. We obtain the following:
Theorem 1.1. Let Ω be a bounded domain in the Euclidean space Rn. Then, for
any integer k ≥ 0, we have
(1.7) (
√
Γk+1 − Γ1 −
√
Γk − Γ1)2 ≤ 16
√
Γ1
n
{
(Γk+1 − Γ1)(Γk − Γ1)
} 1
4+C,
where
C = max
{
8
∫
Ω
|∇∆u1|2dv
(n+ 2)‖∇u1‖2 ,
4(n+ 12)Γ1 + 16
∫
Ω
∑n
m=1(
∂2u1
∂x2m
)2dv
n
}
.
is constant only depending on the dimension n, the first eigenvalue Γ1 and the nor-
malized first eigenfunction u1.
Remark 1. According to the asymptotic formula of Agmon and Pleijel, we have
lim
k→∞
Γk
k
4
n
=
16pi4(
ωnvol(Ω)
) 4
n
.
From our theorem, we know, the gap between
√
Γk+1 − Γ1 and
√
Γk − Γ1 is bounded
by a term with a lower order k
1
n in the sense of the asymptotic formula of Agmon
and Peijel.
Since
Γk+1 − Γk = (
√
Γk+1 − Γ1 −
√
Γk − Γ1)(
√
Γk+1 − Γ1 +
√
Γk − Γ1),
according to the asymptotic formula of Agmon and Pleijel, we know that the gap
between Γk+1 and Γk is bounded by a term with a lower order k
3
n .
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2. A general result
Let Ω be a bounded domain with piecewise smooth boundary in an n-dimensional
complete Riemannian manifold M . Let ui be an eigenfunction corresponding to the
eigenvalue Γi such that
(2.1)


∆2ui = Γiui in Ω
ui =
∂ui
∂ν
= 0 on ∂Ω∫
Ω
uiujdv = δij , i, j = 1, 2, · · · ,
where eigenvalues are accounted according to their multiplicities. Thus, we know
that {uj}∞j=1 forms an orthonormal base of L2(Ω)-function space. For any smooth
function g, we can write
gu1 =
∞∑
j=1
rjuj, ‖gu1‖2 =
∫
Ω
(gu1)
2dv =
∞∑
j=1
r2j ,
where rj =
∫
Ω
gu1ujdv, for j = 1, 2, · · · . For any positive integer k, we define
(2.2) ϕ := gu1 −
k∑
j=1
rjuj.
By a simple calculation, we obtain
(2.3)
∫
Ω
ujϕdv = 0, j = 1, · · · , k.
Hence
‖ϕ‖2 =
∞∑
j=k+1
r2j .
Defining
(2.4) p = ∆2g · u1 + 2∇(∆g) · ∇u1 + 2∆g∆u1 + 2∆(∇g · ∇u1) + 2∇g · ∇(∆u1),
we have
p =
∞∑
j=1
sjuj, ‖p‖2 =
∞∑
j=1
s2j ,
where
sj =
∫
Ω
pujdv.
Since
2
∫
Ω
(∆uj∇g · ∇u1 −∆u1∇g · ∇uj)dv
= (Γj − Γ1)rj −
∫
Ω
u1∆uj∆gdv +
∫
Ω
uj∆u1∆gdv,
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we can infer
(2.5) sj = (Γj − Γ1)rj .
Thus, we get
‖p‖2 =
∞∑
j=1
(Γj − Γ1)2r2j .
∫
Ω
gu1pdv =
∫
Ω
gu1
∞∑
j=1
sjujdv =
∞∑
j=1
sjrj =
∞∑
j=1
(Γj − Γ1)r2j .
From the definition of ϕ, we have∫
Ω
ϕpdv =
∫
Ω
(gu1 −
k∑
j=1
rjuj)pdv =
∞∑
j=1
(Γj − Γ1)r2j −
k∑
j=1
(Γj − Γ1)r2j .
Hence, we obtain ∫
Ω
ϕpdv =
∞∑
j=k+1
(Γj − Γ1)r2j .
The following algebraic lemma plays an important role in this paper, which may
be found in Chen-Yang-Zheng [6], essentially. For reader’s convenient, we give a
detailed proof of it in the Appendix.
Lemma 2.1. Let {µj}∞j=k+1 be a sequence satisfying
0 ≤ µk+1 ≤ µk+2 ≤ · · · → ∞.
If a sequence {aj}∞j=k+1 satisfies
∑
∞
j=k+1 µ
2
ja
2
j = A < ∞ and
∑
∞
j=k+1 a
2
j = B < ∞,
then we have
∞∑
j=k+1
µja
2
j ≤
A+ µk+1µk+2B
µk+1 + µk+2
.
By applying the lemma 2.1 with µj = Γj − Γ1 and aj = rj , we obtain{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}∫
Ω
ϕpdv
≤ (‖p‖2 − k∑
j=1
(Γj − Γ1)2r2j
)
+(Γk+1 − Γ1)(Γk+2 − Γ1)‖ϕ‖2,
namely,
{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}
(
∫
Ω
gu1pdv −
k∑
j=1
(Γj − Γ1)r2j )
≤ (‖p‖2 − k∑
j=1
(Γj − Γ1)2r2j
)
+(Γk+1 − Γ1)(Γk+2 − Γ1)(‖gu1‖2 −
k∑
j=1
r2j ).
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Since {
(Γk+1 − Γ1) + (Γk+2 − Γ1)
} k∑
j=1
(Γj − Γ1)r2j
≤
k∑
j=1
(Γj − Γ1)2r2j + (Γk+1 − Γ1)(Γk+2 − Γ1)
k∑
j=1
r2j ,
we have{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}∫
Ω
gu1pdv ≤ ‖p‖2 + (Γk+1 − Γ1)(Γk+2 − Γ1)‖gu1‖2.
Thus, we have proved the following:
Theorem 2.1. Let Ω be a bounded domain in an n-dimensional complete Riemann-
ian manifold M . Assume that Γi is the i
th eigenvalue of the clamped plate problem
(1.2). For any smooth function g, we have, for any integer k,{
(Γk+2 − Γ1) + (Γk+1 − Γ1)
}∫
Ω
gu1pdv ≤ ‖p‖2 + (Γk+2 − Γ1)(Γk+1 − Γ1)‖gu1‖2,
where p is defined by the formula (2.4) and u1 is the normalized first eigenfunction
corresponding to the first eigenvalue Γ1.
Lemma 2.2.∫
Ω
gu1pdv =
∫
Ω
{
(∆g)2u21 + 4(∇g · ∇u1)2 − 2|∇g|2u1∆u1 + 4u1∆g∇g · ∇u1
}
dv.
Proof. From Stokes’ theorem, we infer
2
∫
Ω
gu1∇(∆g) · ∇u1dv =
∫
Ω
{
2u1∆g∇u1 · ∇g + u21(∆g)2 − gu21∆2g
}
dv,
2
∫
Ω
gu1∆(∇g · ∇u1)dv =
∫
Ω
{
2u1∆g∇g · ∇u1 + 4(∇g · ∇u1)2 + 2g∆u1∇g · ∇u1
}
dv,
2
∫
Ω
gu1∇g · ∇(∆u1)dv = −2
∫
Ω
(
|∇g|2u1∆u1 + g∆u1∇g · ∇u1 + g∆gu1∆u1
)
dv.
From the definition of p, we obtain∫
Ω
gu1pdv =
∫
Ω
{
(∆g)2u21 + 4(∇g · ∇u1)2 − 2|∇g|2u1∆u1 + 4u1∆g∇g · ∇u1
}
dv.

For any smooth function f in M and constant a, we consider g1 = cos(af). We have
∇g1 = −a sin(af)∇f, ∆g1 = −a2 cos(af)|∇f |2 − a sin(af)∆f
∇∆g1 = a3 sin(af)|∇f |2∇f − a2 cos(af)∇(|∇f |2)
− a2 cos(af)∆f∇f − a sin(af)∇(∆f)
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∆2g1 = a
4 cos(af)|∇f |4 + 2a3 sin(af)∇(|∇f |2) · ∇f + 2a3 sin(af)|∇f |2∆f
− a2 cos(af)∆(|∇f |2)− 2a2 cos(af)∇(∆f) · ∇f
− a2 cos(af)(∆f)2 − a sin(af)∆2f.
In the same way, for g2 = sin(af), we have
∇g2 = a cos(af)∇f, ∆g2 = −a2 sin(af)|∇f |2 + a cos(af)∆f
∇∆g2 = −a3 cos(af)|∇f |2∇f − a2 sin(af)∇(|∇f |2)
− a2 sin(af)∆f∇f + a cos(af)∇(∆f)
∆2g2 = a
4 sin(af)|∇f |4 − 2a3 cos(af)∇(|∇f |2) · ∇f
− 2a3 cos(af)|∇f |2∆f − a2 sin(af)∆(|∇f |2)
− 2a2 sin(af)∇(∆f) · ∇f − a2 sin(af)(∆f)2 + a cos(af)∆2f.
Thus, we obtain the following:
Lemma 2.3. If the function f satisfies |∇f |2 = 1 and ∆f = b =constant, we have
∇g1 = −a sin(af)∇f, ∆g1 = −a2 cos(af)− ab sin(af),
∇∆g1 = a3 sin(af)∇f − a2b cos(af)∇f,
∆2g1 = a
4 cos(af) + 2a3b sin(af)− a2b2 cos(af),
∇g2 = a cos(af)∇f, ∆g2 = −a2 sin(af) + ab cos(af),
∇∆g2 = −a3 cos(af)∇f − a2b sin(af)∇f,
∆2g2 = a
4 sin(af)− 2a3b cos(af)− a2b2 sin(af).
By defining
(2.6) p1 = ∆
2g1 ·u1+2∇(∆g1) ·∇u1+2∆g1∆u1+2∆(∇g1 ·∇u1)+2∇g1 ·∇(∆u1),
and
(2.7) p2 = ∆
2g2 ·u1+2∇(∆g2) ·∇u1+2∆g2∆u1+2∆(∇g2 ·∇u1)+2∇g2 ·∇(∆u1),
we have
Proposition 2.1. If the function f satisfies |∇f |2 = 1 and ∆f = b =constant, we
have
|p1|2 + |p2|2
=
(
(a4 − a2b2)u1 − 4a2b∇f · ∇u1 − 2a2∆u1 − 4a2∇f · ∇(∇f · ∇u1)
)2
+
(
2a3bu1 + 4a
3∇f · ∇u1 − 2ab∆u1 − 2a∆(∇f · ∇u1)− 2a∇f · ∇(∆u1)
)2
.
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Proof. From the above lemma 2.3, we have
p1 =
(
a4 cos(af) + 2a3b sin(af)− a2b2 cos(af))u1
+ 2
(
a3 sin(af)− a2b cos(af))∇f · ∇u1 − 2(a2 cos(af) + ab sin(af))∆u1
− 2a∆(sin(af)∇f · ∇u1)− 2a sin(af)∇f · ∇(∆u1)
and
∆(sin(af)∇f · ∇u1) = sin(af)∆(∇f · ∇u1)
+ 2a cos(af)∇f · ∇(∇f · ∇u1))−
(
a2 sin(af)− ab cos(af)
)
∇f · ∇u1,
p2 =
(
a4 sin(af)− 2a3b cos(af)− a2b2 sin(af))u1
− 2(a3 cos(af) + a2b sin(af))∇f · ∇u1 − 2(a2 sin(af)− ab cos(af))∆u1
+ 2a∆(cos(af)∇f · ∇u1) + 2a cos(af)∇f · ∇(∆u1)
and
∆(cos(af)∇f · ∇u1) = cos(af)∆(∇f · ∇u1)
− 2a sin(af)∇f · ∇(∇f · ∇u1)−
(
a2 cos(af) + ab sin(af)
)
∇f · ∇u1.
Hence, we infer
p1 =
(
(a4 − a2b2)u1 − 4a2b∇f · ∇u1 − 2a2∆u1 − 4a2∇f · ∇(∇f · ∇u1)
)
cos(af)
+
(
2a3bu1 + 4a
3∇f · ∇u1 − 2ab∆u1 − 2a∆(∇f · ∇u1)− 2a∇f · ∇(∆u1)
)
sin(af),
p2 =
(
(a4 − a2b2)u1 − 4a2b∇f · ∇u1 − 2a2∆u1 − 4a2∇f · ∇(∇f · ∇u1)
)
sin(af)
−
(
2a3bu1 + 4a
3∇f · ∇u1 − 2ab∆u1 − 2a∆(∇f · ∇u1)− 2a∇f · ∇(∆u1)
)
cos(af).
From the above two equalities, we obtain
|p1|2 + |p2|2
=
(
(a4 − a2b2)u1 − 4a2b∇f · ∇u1 − 2a2∆u1 − 4a2∇f · ∇(∇f · ∇u1)
)2
+
(
2a3bu1 + 4a
3∇f · ∇u1 − 2ab∆u1 − 2a∆(∇f · ∇u1)− 2a∇f · ∇(∆u1)
)2
.

Proposition 2.2. If the function f satisfies |∇f |2 = 1 and ∆f = b =constant, we
have∫
Ω
g1u1p1dv +
∫
Ω
g2u1p2dv =
∫
Ω
{
(a4 − a2b2)u21 + 4a2(∇f · ∇u1)2 − 2a2u1∆u1
}
dv.
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Proof. Since∫
Ω
g1u1p1dv =
∫
Ω
{
(a2 cos(af) + ab sin(af))2u21
+ 4a2(sin(af))2(∇f · ∇u1)2 − 2a2(sin(af))2u1∆u1
+ 4a sin(af)(a2 cos(af) + ab sin(af))u1∇f · ∇u1
}
dv
and ∫
Ω
g2u1p2dv =
∫
Ω
{
(a2 sin(af)− ab cos(af))2u21
+ 4a2(cos(af))2(∇f · ∇u1)2 − 2a2(cos(af))2u1∆u1
− 4a cos(af)(a2 sin(af)− ab cos(af))u1∇f · ∇u1
}
dv,
we infer∫
Ω
g1u1p1dv +
∫
Ω
g2u1p2dv
=
∫
Ω
{
(a4 + a2b2)u21 + 4a
2(∇f · ∇u1)2 − 2a2u1∆u1 + 4a2bu1∇f · ∇u1
}
dv.
According to Stokes formula, we know∫
Ω
2u1∇f · ∇u1dv = −
∫
Ω
bu21dv.
Hence, we get∫
Ω
g1u1p1dv +
∫
Ω
g2u1p2dv =
∫
Ω
{
(a4 − a2b2)u21 + 4a2(∇f · ∇u1)2 − 2a2u1∆u1
}
dv.

3. The proof of the theorem 1.1
Proof of Theorem 1.1. Since Ω is a bounded domain in the Euclidean space Rn. Let
(x1, x2, · · · , xn) be the standard coordinate. By taking f = xm, for m = 1, 2, · · · , n,
we know
|∇f |2 = 1, ∆f = 0.
Thus, from the propositions 2.1, we obtain, for m = 1, 2, · · · , n,
|p1|2 + |p2|2 =
(
a4u1 − 2a2∆u1 − 4a2∂
2u1
∂x2m
)2
+
(
4a3
∂u1
∂xm
− 2a∆( ∂u1
∂xm
)− 2a∂(∆u1)
∂xm
)2
= a4
(
a2u1 − 2∆u1 − 4∂
2u1
∂x2m
)2
+16a2
(
a2
∂u1
∂xm
−∆( ∂u1
∂xm
)
)2
.
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Hence, ∫
Ω
|p1|2dv +
∫
Ω
|p2|2dv =
∫
Ω
a4
(
a2u1 − 2∆u1 − 4∂
2u1
∂x2m
)2
dv
+
∫
Ω
16a2
(
a2
∂u1
∂xm
−∆( ∂u1
∂xm
)
)2
dv
holds. By a direct computation, we infer
∫
Ω
(
a2u1 − 2∆u1 − 4∂
2u1
∂x2m
)2
dv
= a4 + 4Γ1 + 16
∫
Ω
(
∂2u1
∂x2m
)2dv
+ 4a2
∫
Ω
|∇u1|2dv − 8a2
∫
Ω
u1
∂2u1
∂x2m
dv + 16
∫
Ω
∆u1
∂2u1
∂x2m
dv
and ∫
Ω
(
a2
∂u1
∂xm
−∆( ∂u1
∂xm
)
)2
dv
=
∫
Ω
(
a4(
∂u1
∂xm
)2 + (∆(
∂u1
∂xm
))2 − 2a2 ∂u1
∂xm
∆(
∂u1
∂xm
)
)
dv.
We derive ∫
Ω
|p1|2dv +
∫
Ω
|p2|2dv
= a4
{
a4 + 4Γ1 + 16
∫
Ω
(
∂2u1
∂x2m
)2dv + 4a2
∫
Ω
|∇u1|2dv
− 8a2
∫
Ω
u1
∂2u1
∂x2m
dv + 16
∫
Ω
∆u1
∂2u1
∂x2m
dv
}
+ 16a2
{∫
Ω
(
a4(
∂u1
∂xm
)2 + (∆(
∂u1
∂xm
))2 − 2a2 ∂u1
∂xm
∆(
∂u1
∂xm
)
)
dv
}
.
From the proposition 2.2, we infer
∫
Ω
g1u1p1dv +
∫
Ω
g2u1p2dv =
∫
Ω
{
a4u21 + 4a
2(
∂u1
∂xm
)2 − 2a2u1∆u1
}
dv
= a4 + 2a2
∫
Ω
{
2(
∂u1
∂xm
)2 + |∇u1|2
}
dv.
We apply the theorem 2.1 to functions g = g1 and g = g2, respectively and take
summation for them, we have
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(3.1)
{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}(
a4 + 2a2
∫
Ω
{
2(
∂u1
∂xm
)2 + |∇u1|2
}
dv
)
≤ a4
{
a4 + 4Γ1 + 16
∫
Ω
(
∂2u1
∂x2m
)2dv + 4a2
∫
Ω
|∇u1|2dv
− 8a2
∫
Ω
u1
∂2u1
∂x2m
dv + 16
∫
Ω
∆u1
∂2u1
∂x2m
dv
}
+ 16a2
{∫
Ω
(
a4(
∂u1
∂xm
)2 + (∆(
∂u1
∂xm
))2 − 2a2 ∂u1
∂xm
∆(
∂u1
∂xm
)
)
dv
}
+ (Γk+1 − Γ1)(Γk+2 − Γ1),
Taking summation for m from 1 to n and making use of Stokes formula, we have
(3.2)
{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}(
na4 + 2a2(2 + n)‖∇u1‖2
)
≤ a4
{
na4 + 4(n + 4)Γ1 + 4a
2(n + 2)‖∇u1‖2 + 16
∫
Ω
n∑
m=1
(
∂2u1
∂x2m
)2dv
}
+ 16a2
{
a4‖∇u1‖2 + 2a2Γ1 +
∫
Ω
n∑
m=1
(∆(
∂u1
∂xm
))2dv
}
+ n(Γk+1 − Γ1)(Γk+2 − Γ1),
that is,{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}
(na2 + 2(n+ 2)‖∇u1‖2)
≤ a2
{
na4 + 4a2(n + 6)‖∇u1‖2 + 4(n + 12)Γ1 + 16
∫
Ω
n∑
m=1
(
∂2u1
∂x2m
)2dv
}
+ 16
∫
Ω
n∑
m=1
(∆(
∂u1
∂xm
))2dv +
n
a2
(Γk+1 − Γ1)(Γk+2 − Γ1).
Thus, we obtain{
(Γk+1 − Γ1) + (Γk+2 − Γ1)
}
≤ a2(a2 + 2n+ 2
n
‖∇u1‖2) + (Γk+1 − Γ1)(Γk+2 − Γ1)
a2(a2 + 2n+2
n
‖∇u1‖2)
+
16a4‖∇u1‖2
n(a2 + 2n+2
n
‖∇u1‖2)
+
16
∫
Ω
|∇∆u1|2 +
(
4(n+ 12)Γ1 + 16
∫
Ω
∑n
m=1(
∂2u1
∂x2m
)2dv
)
a2
na2 + 2(n + 2)‖∇u1‖2 .
For k1 ≥ 0, k2 > 0 and k3 > 0, the function f(t) = k1 + tk2
nt + k3
, for t ≥ 0, satisfies
f(t) ≤ max{k1
k3
,
k2
n
}.
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Thus, we have
16
∫
Ω
|∇∆u1|2 +
(
4(n+ 12)Γ1 + 16
∫
Ω
∑n
m=1(
∂2u1
∂x2m
)2dv
)
a2
na2 + 2(n+ 2)‖∇u1‖2 ≤ C,
where C is given by
C = max
{
8
∫
Ω
|∇∆u1|2dv
(n+ 2)‖∇u1‖2 ,
4(n+ 12)Γ1 + 16
∫
Ω
∑n
m=1(
∂2u1
∂x2m
)2dv
n
}
.
If we put
a2(a2 + 2
n+ 2
n
‖∇u1‖2) =
√
(Γk+1 − Γ1)(Γk+2 − Γ1),
we obtain
a4 ≤
√
(Γk+1 − Γ1)(Γk+2 − Γ1),(√
Γk+2 − Γ1 −
√
Γk+1 − Γ1
)2≤ 16√Γ1
n
{
(Γk+1 − Γ1)(Γk+2 − Γ1)
} 1
4
+C,
because
‖∇u1‖2 ≤
√
Γ1.
If we change k+2 and k+1 into k+1 and k, respectively, we know that the theorem
1.1 is proved.
4. Appendix
In this Appendix, we shall give a proof of the lemma 2.1.
Lemma 2.1. Let {µj}∞j=k+1 be a sequence satisfying
0 ≤ µk+1 ≤ µk+2 ≤ · · · → ∞.
If a sequence {aj}∞j=k+1 satisfies
∑
∞
j=k+1 µ
2
ja
2
j = A < ∞ and
∑
∞
j=k+1 a
2
j = B < ∞,
then we have
∞∑
j=k+1
µja
2
j ≤
A+ µk+1µk+2B
µk+1 + µk+2
.
Proof. From the Cauchy-Schwarz inequality, we know
µk+1
∞∑
j=k+1
a2j ≤
∞∑
j=k+1
µja
2
j ≤
√√√√ ∞∑
j=k+1
µ2ja
2
j
∞∑
j=k+1
a2j =
√
AB.
Hence
µk+1 ≤
√
A
B
.
For any sequence {xj}∞j=k+1 with
∑
∞
j=k+1 µ
2
jx
2
j = A and
∑
∞
j=k+1 x
2
j = B, we consider
the following function
F (xj) =
∞∑
j=k+1
µjx
2
j + λ(
∞∑
j=k+1
µ2jx
2
j −A) + µ(
∞∑
j=k+1
x2j −B),
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where λ and µ are Lagrange multipliers. Thus, the maximum fmax of the function
f =
∑
∞
j=k+1 µjx
2
j is attained at critical points of F . If {cj}∞j=k+1 is a critical point
of F , for any sequence {bj}∞j=k+1, we have
dF (cj + tbj)
dt
∣∣∣∣
t=0
= 2
∞∑
j=k+1
µjcjbj + 2λ
∞∑
j=k+1
µ2jcjbj + 2µ
∞∑
j=k+1
cjbj = 0.
By taking
bj =
{
1 j = p,
0 j 6= p,
we have
(µp + λµ
2
p + µ)cp = 0.
Since µp + λµ
2
p + µ = 0 is a quadratic equation of µp, if µp + λµ
2
p + µ 6= 0, we have
cp = 0. Let µr and µs, r < s, be solutions of µp + λµ
2
p + µ = 0 with multiplicity
r0 + 1 and s0 + 1, respectively, that is,
µr = µr+1 = · · · = µr+r0 µs = µs+1 = · · · = µs+s0.
Therefore, we have
(4.1)
A = µ2r(c
2
r + c
2
r+1 + · · ·+ c2r+r0) + µ2s(c2s + c2s+1 + · · ·+ c2s+s0),
B = (c2r + c
2
r+1 + · · ·+ c2r+r0) + (c2s + c2s+1 + · · ·+ c2s+s0),
fmax = µr(c
2
r + c
2
r+1 + · · ·+ c2r+r0) + µs(c2s + c2s+1 + · · ·+ c2s+s0)
Hence, we get
fmax =
A + µrµsB
µr + µs
.
Since fmax ≤
√
AB from the Cauchy-Schwarz inequality, we have
fmax =
A+ µrµsB
µr + µs
≤
√
AB.
Thus, we obtain
(
√
A
B
− µr)(
√
A
B
− µs) ≤ 0,
that is, we have √
A
B
− µr ≥ 0,
√
A
B
− µs ≤ 0
because of µr ≤ µs. Since
√
A
B
− µr ≥ 0, we know that G(t) = A+ µrtB
µr + t
is a
decreasing function of t. Hence, we have
fmax ≤ A+ µrµk+2B
µr + µk+2
.
If µk+2 ≥
√
A
B
, we have µr = µk+1 because of r < s and µr ≤
√
A
B
, that is
fmax ≤ A+ µk+1µk+2B
µk+1 + µk+2
.
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If µk+2 ≤
√
A
B
, we know that G(t) =
A+ µk+2tB
µk+2 + t
is a decreasing function of t.
Hence, we have
fmax ≤ A+ µrµk+2B
µr + µk+2
≤ A + µk+1µk+2B
µk+1 + µk+2
.
It completes the proof of the lemma.

References
[1] S. Agmon, On kernels, eigenvalues and eigenfunctions of operators related to elliptic problems,
Comm. Pure Appl. Math., 18 (1965), 627-663.
[2] M. S. Ashbaugh, Isoperimetric and universal inequalities for eigenvalues, in spectral theory
and geometry (Edinburgh, 1998), E. B. Davies and Yu Safarov eds., London Math. Soc.
Lecture Notes, vol. 273, Cambridge Univ. Press, Cambridge, 1999, pp. 95-139.
[3] M. S. Ashbaugh, Universal eigenvalue bounds of Payne-Po´lya-Weinberger, Hile-Prottter and
H.C. Yang, Proc. Indian Acad. Sci. Math. Sci., 112, 2002, 3-30.
[4] M. S. Ashbaugh, Universal inequalities for the eigenvalues of the Dirichlet Laplacian, preprint,
2016.
[5] D. Chen and Q. -M. Cheng, Extrinsic estimates for eigenvalues of the Laplace operator, J.
Math. Soc. Japan, 60 (2008), 325-339.
[6] D. Chen, T. Zheng and H. C. Yang, Estimates of the gaps between consecutive eigenvalues of
Laplacian, Pacific J. Math., 282 (2016), 293-311.
[7] Z. C. Chen and C. L. Qian, Estimates for discrete spectrum of Laplacian operator with any
order. J.China Univ. Sci. Tech., 20 (1990), 259-266.
[8] Q. -M. Cheng, Universal estimates for eigenvalues and applications, Proc. of the 6th Inter-
national Chinese Congress of Mathematicians, ALM 37, International Press, 2 (2016), pp.
37-52.
[9] Q. -M. Cheng, G. Huang and G. Wei, Estimates for lower order eigenvalues of a clamped plate
problem, Calc. Var. Partial Differential Equations, 38 (2010), 409-416.
[10] Q. -M. Cheng, T. Ichikawa and S. Mametsuka, Estimates for eigenvalues of a clamped plate
problem on Riemannian manifolds, J. Math. Soc. Japan, 62 (2010),673-686.
[11] Q. -M. Cheng, X. Qi and G. Wei, A lower bound for eigenvalues of the poly-Laplacian with
arbitrary order, Pacific J. Math., 262 (2013), 35-47
[12] Q. -M. Cheng and G. Wei, A lower bound for eigenvalues of a clamped plate problem, Calc.
Var. Partial Differential Equations, 42 (2011), 579-590.
[13] Q. -M. Cheng and G. Wei, Upper and lower bounds for eigenvalues of a clamped plate problem,
J. Differential Equations, 255 (2013), 220-233.
[14] Q. -M. Cheng and H. C. Yang, Estimates on eigenvalues of Laplacian, Math. Ann., 331 (2005),
445-460.
[15] Q. -M. Cheng and H. C. Yang, Inequalities for eigenvalues of a clamped plate problem, Trans.
Amer. Math. Soc., 358 (2006), 2625-2635.
[16] Q. -M. Cheng and H. C. Yang, Inequalities for eigenvalues of Laplacian on domains and
compact complex hypersurfaces in complex projective spaces, J. Math. Soc. Japan, 58 (2006),
545-561.
[17] Q. -M. Cheng and H. C. Yang, Bounds on eigenvalues of Dirichlet Laplacian, Math. Ann.,
337 (2007), 159-175.
[18] Q. -M. Cheng and H. C. Yang, Estimates for eigenvalues on Riemannian manifolds, J. Dif-
ferential Equations, 247 (2009), 2270-2281.
[19] A. El Soufi, E. M. Harrell II and S. Ilias, Universal inequalities for the eigenvalues of Laplace
and Schro¨dinger operators on submanifolds, Trans. Amer. Math. Soc., 361 (2009), 2337-2350.
A CLAMPED PLATE PROBLEM 15
[20] G. N. Hile and M. H. Protter, Inequalities for eigenvalues of the Laplacian, Indiana Univ.
Math. J., 29 (1980), 523-538.
[21] S. M. Hook, Domain independent upper bounds for eigenvalues of elliptic operator, Trans.
Amer. Math. Soc., 318 (1990), 615-642.
[22] H. A. Levine and M. H. Protter, Unrestricted lower bounds for eigenvalues for classes of
elliptic equations and systems of equations with applications to problems in elasticity, Math.
Methods Appl. Sci., 7 (1985), 210-222.
[23] P. Li and S. T. Yau, On the Schro¨dinger equations and the eigenvalue problem, Comm. Math.
Phys., 88 (1983), 309-318.
[24] L. E. Payne, G. Po´lya and H. F. Weinberger, On the ratio of consecutive eigenvalues, J. Math.
Phys., 35 (1956), 289-298.
[25] A. Pleijel, On the eigenvalues and eigenfunctions of elastic plates, Comm. Pure Appl. Math.,
3 (1950), 1-10.
[26] G. Po´lya, On the eigenvalues of vibrating membranes, Proc. London Math. Soc., 11 (1961),
419-433.
[27] Q. L. Wang, C. Y. Xia, Universal bounds for eigenvalues of the biharmonic operator on Rie-
mannian manifolds, J. Funct. Anal., 245 (2007), 334-352.
[28] H. Urakawa, Spectral Geometry of the Laplacian, World Sci., 2016.
[29] H. C. Yang, An estimate of the difference between consecutive eigenvalues, preprint IC/91/60
of ICTP, Trieste, 1991.
Daguang Chen, Department of Mathematical Sciences, Tsinghua University, Bei-
jing 100084, P. R. China, dgchen@math.tsinghua.edu.cn
Qing-Ming Cheng, Department of Applied Mathematics, Faculty of Sciences,
Fukuoka University, 814-0180, Fukuoka, Japan, cheng@fukuoka-u.ac.jp
Guoxin Wei, School of Mathematical Sciences, South China Normal University,
510631, Guangzhou, P. R. China, weiguoxin@tsinghua.org.cn
